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in the divergent portion. This is probably because the void region
gradually grows as the axial Mach number is increased. The
radii of void regions near the nozzle axis were obtained by setting
the denominator of Eq. (1) equal to zero.
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A Finite Element Method for the
Optimal Design of Variable Thickness
Sheets

M. P. Rossow* AND J. E. TAYLORT
The University of Michigan, Ann Arbor, Mich.

Introduction

HE nature of recent research work in the field of structures

optimization is summarized (exclusive of Russian and East
European activity) by Niordson and Pedersen in Ref. 1. There
is evidence from their survey as well as from other sources
of a trend toward greater emphasis on topics related to numerical
solution. Our development of a finite element interpretation
for the prediction of optimal design follows this trend. We
particularly seek to establish useful means for handling two-
dimensional design problems.

Several recent papers on general methods for the numerical
solution of design problems relate to our work. To name a few,
Haug et al.? developed a steepest descent procedure to calculate
the optimal design of piecewise uniform structures. Also Maier
et al.> demonstrated how the problem of designing for maximum
safety relative to collapse of plane stress structures can be
formulated as a linear programing problem, through the use of
finite element modeling of the structure. Dafalias and Dupuis*
made use of a discretization scheme to obtain their procedure
for the solution of optimum beam design problems. Aspects of
numerical solution in flutter optimization problems were dis-
cussed by Ashley and Mclntosh.?

In some early automated design programs, a design prediction
was obtained by iteration on. the computer between independent
design and analysis elements of a program. In contrast, our
formulation amounts to having the finite element discretization
incorporated into a direct design procedure. This formulation is
demonstrated, and the character of the governing equations for
the discretized structure is established. An example application
of the formulation is provided.
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Many of the considerations associated with the problem
formulation reported in this Note are treated in greater detail
in the thesis of Rossow.®

Problem Formulation

The optimality criterion to be used in this Note is that of
maximum stiffness for a given volume of material. More precisely,
if W[t] represents the loss in potential of the edge loads applied
to the sheet of variable thickness 7, then an optimal design r*
is defined by the relation

W[r*] = min W[r] (1

All admissible designs ¢ are required to satisfy the volume

constraint
j j tdA=v, @
A

Here A is the region in the x-y plane occupied by the sheet,
and V, is the specified volume of material.

It is convenient for subsequent developments to replace the
quantity W[¢] by the potential energy of the sheet, P[¢]. By
Clapeyron’s Theorem, we have

Ple] = —w[1]2 3
Thus, the maximum stiffness design problem can be restated
as the problem of finding ¢* such that

P[t*] = max P[¢] )

where ¢ satisfies Eq. (2).
The potential energy for an elastic sheet in a state of plane
stress is

P[t] =%L JsrcstdA—L(Xu+ Yv) dS (5)

where u = u(x, y) and v = v(x, y) are the displacements of the
sheet in the x and y coordinate directions, and ¢ = t(x, y) is the
sheet thickness. The elastic strain ¢ in Eq. (5) is given by

eT = {du/ox, Ov/dy, du/dy, dv/ox} (6)
while the elastic constants ¢ represent
1 v 0
E
¢ = T v 1 0 7
0 0 (I-v)2

Here E symbolizes Young’s modulus and v the Poisson ratio.
S designates that portion of the boundary of A where the
components X and Y of the traction vector are specified.

Equation (4) together with Eq. (2) defines an isoperimetric
problem in the calculus of variations (cf. Ref. 6). Its solution must
satisfy the Euler equations with respect to ¢ of the functional
comprised of the potential energy augmented by the volume
constraint. The two equilibrium equations associated with u and
v must, of course, be satisfied at the same time. (These equations
are sufficient for optimality as well as necessary; see, for example,
Ref. 8.)

Finding the solution of this system of three simultaneous
partial differential equations will, in general, require the use of
numerical methods. A particular approximating scheme based
on a finite element representation of the potential energy of
the sheet will now be presented.

Let the region A occupied by the sheet be divided into a
mesh of n elements and approximate the thickness function ¢
in element i, i=1,2,..., n, by a uniform value t,. After also
approximating the displacement field within element i in the
usual finite element manner, the first term on the right-hand
side of Eq. (5) when evaluated over element i yields

[ZRSER isigi
Ergl sgl Krs 5r 63 =1 U:(é) (8)
Here 8, denotes a local nodal displacement, K, is a member
of the element stiffness matrix, and p is the number of displace-
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Fig.1a Rectangular sheet, with central opening, subjected to edge loads.

ment degrees of freedom of the element chosen. The U, represents
strain energy per unit element thickness.
Summing the contributions of all the elements, the strain
energy of the discretized sheet is
Y U= U 9) )
i=1
If the local nodal displacements appearing in Eq. (9) are replaced
by the corresponding global nodal displacements §; j=
1,2,...,2m (m is the total number of nodes in the mesh), an
alternative expression for the strain energy results
2m 2n
Ulr,d) == Y k;6;9; (10)
2/ j=1 !
Here the unknown element thicknesses t; occurring in Eq. (9)
have been absorbed in the members k;; of the global stiffness
matrix.
Introduction of the approximate displacement field in the
second integral of Eq. (5) results in the quantity
2m
Y F;é;= W) (11)
j=1
where the nodal forces F; are assigned a value of zero for
nodes not on the boundary S.
The potential energy of the discretized sheet can now be
written
P4, 7)= U, 1)— W(©o) (12)
The design of such a discretized sheet will be understood to
mean a set of element thicknesses t: 7,,7,,...;1, From usual
finite element theory, for given design 1, the nodal displacements
satisfy the equilibrium equations
op "
éa:‘zlk“épF,:O, [=1,2,...2m (13)
The global stiffness matrix is assumed modified corresponding
to the boundary conditions so that Eq. (13) may be solved for a
unique set of nodal displacements d. A set § found in this way
will be denoted by 6(z).

The Discretized Design Problem

With the use of the notation just introduced, the problem
of determining the optimal distribution of material within the
discretized sheet can now be stated as follows. A design t* is
sought such that

P[z*,6(z*)] = max P[z, (1)} (14)
where admissible design © must satisfy
Z Aiu =1, (15)
i=1
FEn g, i=1,2...,n (16)
Here A, is the area of element i. The original design problem is
extended with little effort to accommodate the constraints (16)
on the design.
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Conditions which an optimal discrete design must satisfy may
be derived by introducing slack functions ;" and a;* to express
constraints (16) in the form

i+ (@) =17 —(@")? =" 17

We then form the function

L=1T&ﬂJ]+l<%-—i,%q)+
i=1

i QiU[TiU— T (aiU)z] + i Qi — Ti+(aiL)2] (18)
i=1 i=1

where 4, QU, and Q" are Lagrange multipliers. A necessary
condition for P[§(r*), 7¥] to be maximum is the vanishing of
the first derivatives of L with respect to a,Y, ¢;*, and 7;. This
leads to

a'QV=0 and ¢'Ql=0 (19)
and
i 2m
g—z—}—j:l%%—)ﬂi—ﬂi”—ﬂi":o (20)
But 6P/03; = 0, since equilibrium is satisfied, and furthermore
0P/dt, = U;
by Egs. (12) and (9).
Thus, Eq. (20) becomes
U,[8(z%)]—-4i4,-Q'—QLt =0 (21)
An additional necessary condition follows from the Kuhn-
Tucker theorem of nonlinear programing

QY20 and QL<0 (22)

Equation (21) represents a finite element equivalent of the
uniform specific strain energy criterion for optimal design. For,
suppose the thickness of element i lies between the thickness
constraints

tr<n <l

Then the slack variables ¢,V and g, are not equal to zero and
so Eq. (19) requires ;% = 0 and Q,Y = 0. But then Eq. (21) can
be written U;/A; = /. Thus, the optimal finite element structure
should be designed such that the average specific strain energy
in all elements (where the thickness constraints are inactive)
has the same constant value A This result may be compared
with the optimality conditions derived by Sheu and Prager in
Ref. 9 for certain naturally discrete structures. It may be verified
that the conditions just derived are sufficient for optimality as
well as necessary.® We also note that the conditions correspond
to those derived by Mroz in Ref. 10.

Example

Asanillustration of the preceding results, the optimal thickness
distribution of the rectangular sheet shown in Fig. la will be
calculated. The sheet is loaded on all four edges and has a
circular opening of radius r = 0.73. A finite element mesh cover-
ing one quadrant of the sheet is shown in Fig. 1b. Quadrilateral

Fig. 1b Finite element mesh for one quadrant of rectangular sheet.
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Fig. 2 Optimal design of rectangular sheet when edge loads are equal :
p/E =1.01in., g/E = 1.0 in.

isoparametric elements'! with eight degrees of freedom were
used.

In order to consider the effect of varying boundary conditions
at the hole (as in Ref. 12), a reinforcing ring of known elastic
properties is introduced there. The cross-sectional area of the
ring times the ratio of ring elastic modulus to sheet modulus
is taken to equal 0.052 in.? The ridg is represented in the
finite element model as a series of short elastic rods connecting
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.
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Fig. 3 Optimal design, for unequal edge loads: p/E =1.0 in;
g/E = 0.50 in.
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adjacent nodes along the boundary. The strain energy of these
rods is added to the potential energy P[t,d(z)] of Eq. (18).
Since the strain energy of the rods is never negative, the positive
definiteness of the global stiffness matrix is maintained, and the
derivations of the previous paragraphs remain valid.

The inequality constraints in Eq. (16) are inactive for our
example. In this case, Egs. (19) and (22) are identically satisfied
with QY = Q. = 0 for all elements, and the remaining Egs. (13,
15, and 21) can be solved by a modified version of the
Newton-Raphson method.. The resulting designs corresponding
to different values of the edge loads are shown in Figs. 2 and 3.
The smooth curves were obtained from the piecewise distribution
of element thicknesses by plotting the thickness of each element
at its centroid. The concentration of material indicated on the
side of the hole nearest the long edge may be identified with
the stress concentration that would be found in the same region
of a uniform sheet.

Summary

The finite element model demonstrated here is an authentic
interpretation in discretized form of the original design problem.
This may be judged by much the same means as are used to
qualify finite element methods applied to the comparable con-
tinuum analysis problem. With the formulation of this paper the
ability to obtain solutions to the design problem relates directly
to methods for the numerical solution of an algebraic system,
such as Egs. (13, 15, and 21). Thus, in particular, the approach
is not identified with the satisfaction of (partial) necessary con-
ditions only, as are the so-called first-order-methods.

Our example problem was easily handled using ordinary
(Newton-Raphson) numerical procedures. Also, in this case, the
issue of local versus global extremum does not arise since the
equations are sufficient as well as necessary. On the other hand,
serious difficulties may be encountered in the numerical solution
of structures optimization probiems where either the behavior
toward convergence is poor (common in constrained design
problems), or where sufficiency conditions are not known (e.g.,
in- the design of solid plates). The numerical treatment of
problems in both of these categories is to be considered in a
later paper.
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Coherence Measurements in an
Axisymmetric Wake

J. B. ROBERTS*
University of Sussex, Falmer, Brighton, Sussex, England

1. Introduction

TUDIES of the structure of the wake behind axisymmetric
blunt-based bodies extend over a period of many years. Much

of the early work concentrated on low Reynolds number flow
(e.g; see Ref. 1) and was mainly confined to flow visualization
studies. A notable exception is the work of Winny? who examined
concurrent signals from two hot wires in an attempt to detect the
wake structure behind a sphere, at high Reynolds numbers.

More recently a number of experimental studies of axi-
symmetric wake flows at high Reynolds numbers have been
published®~? and various aerospace problems which have arisen
in the last few years have stimulated renewed interest in this
aspect of bluff-body aerodynamics.®

Previous studies have established, by spectral analysis of single
hot wire signals, that a definite periodicity exists in axisymmetric
wake flows behind blunt-based bodies but the actual wake
structure, for Reynolds numbers above a few hundred, is still
unknown. It has been suggested by Calvert” and others® that
the analysis of concurrent signals from two hot wires, and in
particular the cross-spectral analysis of such signals, is likely to
yield considerable information on the wake structure. The
purpose of this Note is to report the results of a series of such
measurements. This approach is, of course, in the spirit of
Winny’s early work but advantage can now be taken of develop-
ments which have occurred in hot wire instrumentation and in
the statistical analysis of random signals. Winny’s work was
restricted to a visual examination of concurrent hot wire signals
and this enabled only very rough estimates of phase relationships
to be made. In contrast, in the present work, the very powerful
techniques of digital spectral and cross-spectral analysis are
employed to yield precise quantitative information on the
frequency dependence of the correlation and phase relationships
between hot wire signals.

2. Experimental Equipment

The experimental measurements were performed in a closed
circuit wind tunneél having a test section measuring 3 ft square
by 14.5 ft long. The background turbulence intensity was less
than 0.5% throughout the test section.

A 3-in.-diam stainless steel disk, with a sharp edged upstream
face, was mounted on wires, normal to the flow, at a position
6 ft downstream of the inlet to the test section, and in the center
of the tunnel. By observing the reflection of a pair of crossed
wires in the highly polished upstream face of the disk, with a
telescope, this face was accurately aligned to be normal to the
centerline of the tunnel test section.
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Near the station where measurements were to be taken a
L.in. diam rod was fixed across the tunnel to support two hot
wire probes. The hot wire systems used were commercial Disa
constant temperature anemometer 55A01 sets and the probes
used were standard Disa miniature hot wires with active
elements of 0.5-um-diam platinum plated tungsten wire, 1.25 mm
long.

The wind-tunnel speed was monitored by a Betz manometer,
which indicated the difference between static pressures in the test
section and the settling chamber. This had previously been
calibrated against a pitot-static probe in the test section.

3. Data Analysis

Let u(t) denote the variation of the longitudinal velocity
component with time recorded by one hot wire probe. Assuming
u(t) is a realization of a stationary random process, with mean
m, the power spectrum of u(z) is defined as

S(f)=2j

where w(t), the covariance function of u(z) is given by

w(t) = E{[u(®)—m][u(t+7)—m]}+
For two hot wire signals, u, (¢} and u, (f), with means m; and
m,, and power spectra S, (f) and S, (f), respectively, the cross-
spectrum is defined as

SlZ(f) =2J‘

“ w(z)cos(2nf1)dt

-

w,,(t)exp(—i2nfr)de

where

wy, (1) = E{[u, (0—m | [u, () —m,]}
The nondimensional coherence function, C, is defined as

C=S8,(N)S, (f)Sz(f)]I/z = C,+iC;

Power spectra and cross-spectra of the hot wire signals,
together with the related coherence function, were obtained
from the spectral analysis system described by Roberts and
Surry.° The data was analyzed in real time, using analog lines
to a remote analog-to-digital converter and computer. Tests
proved that the analog lines introduced negligible degradation
of data, over the frequency range considered here.!®

The conventional Blackman and Tukey correlation technique
was used to generate the power and cross-spectral estimates,
correlation computations being performed between successive
samples.

4. Discussion of Results

Throughout the experiments the tunnel mean wind speed U
was maintained at 50 fps, giving a Reynolds number based on
disk diameter of 7.8 x 10*. A variety of mean flow and intensity
traverses were made downstream of the disk to check the
symmetry of the wake.

a. Single probe results

Initially, the periodicity in the wake was investigated by
performing a power spectrum analysis on the signal from a single
hot wire probe, at various positions in the wake. In view of the
uncertainties in hot wire measurements in high intensity
turbulence, measurements were confined to probe positions at
least nine diameters downstream of the disk (X/D =9); here
the turbulence intensity was everywhere less than 10%.

A definite peak was observed in the power spectrum of the
probe signal, at all probe positions in the wake except those
directly on the disk axis of symmetry. The frequency f of this
peak was independent of probe position, with a Strouhal
number S = fD/U of 0.135, in agreement with the observations
of Calvert.” On traversing the probe radially outwards, at a
fixed X/D, the height of the spectral peak was found to increase

t E{ } denotes the expectation, or ensemble averaging, operator.



	2: 
	1: 


